Antihydrogen production by charge exchange reaction between Positronium atoms and antiprotons requires an efficient excitation of Positronium atoms possibly up to a well defined Rydberg level. A two-step laser light excitation, the first from ground to n = 3 and the second from this level to a n-Rydberg level, is discussed both from the physical and technological point of view. In this study it is assumed that a Ps cloud is produced by positrons hitting a porous silica target, in presence of a guiding magnetic field. The calculation of the transition probability with substantially incoherent laser pulses shows a 30 % population deposition in high-n states.
Introduction
Some fundamental questions of modern physics relevant to unification of gravity with the other fundamental interactions, models involving vector and scalar gravitons, mater anti-matter symmetry (CPT) can be enlightened via experiment with antihydrogen (spectroscopy,ḡ, etc.) [1] . The experiment AEGIS (Antimatter Experiment: Gravity, Interferometry, Spectroscopy) has programmed the production of an antihydrogenH beam of NH ∼ 10 5 per second [1] . The production of cold antihydrogen occurs in the charge transfer reaction of highly excited positronium Ps cloud with cold antiprotonp with the reaction P s * + p → H + e − [2] . An efficientH formation is required. The number of produced antihydrogen atoms is expressed with obvious notation as NH = ρ N P s Np σ/A where ρ is the overlap factor between the trappedp and moving Ps clouds with transverse area A. Since the cross section σ depends upon the fourth power of the principal quantum number n of the excited Ps (σ ∝ n 4 πa 2 0 , where a 0 is the Bohr radius), n is chosen to be in the range n = 20 ÷ 30. Incidentally, the higher the n-value the longer the Ps lifetime.
Positronium excitation to high-n levels (called Rydberg levels) can either be obtained via collisions [3] or via photon excitation. In reference [3] Ps excitation is proposed through Cs excitation by light and a successive charge-exchange reaction with positrons. In this paper we are proposing a direct Ps excitation by a two step laser light excitation foreseeing a higher efficiency with respect to the cascade of Cs excitation and charge exchange. Being the excitation by photons a resonant mechanism with definite selection rules (contrary to a collision process) it should be also a more neat excitation process.
Ps atoms are expected to be produced at the surface of a porous silica converter [4] by positron implantation at kinetic energies ranging from several 100 eV to a few keV. The Ps exiting the target surface forms a cloud with a transverse area of the order of 1 mm diameter, at a temperature quoted less than 100 K, and it is immersed in a magnetic field of intensity around one Tesla [1] . Ps atom resonances will then be broadened by Doppler effect because Ps atoms have random velocities of the order v ∼ 10 5 m/s. Moreover the sublevels of a Rydberg excited state will be separated by the motional Stark effect and by linear and quadratic Zeeman splitting. Because of these effects the transition will be from a level to a broadened Rydberg level-band. The characteristics of the two laser pulses in terms of power and spectral bandwidth must be tailored to the geometry, the Rydberg level-band and the timing of the Ps expanding cloud. The power of the laser pulses must be enough to provide the excitation of the whole Ps cloud within few nanoseconds.
The photo-excitation of Ps to the Rydberg band requires photon energies close to 6.8 eV. Laser systems at the corresponding wavelength (≈ 180 nm) are not commercially available. We therefore are planning to exploit a two-step excitation from the ground state to n = 3 state (λ = 205 nm), and then to high-n levels (λ around 1670 nm). The sketch of the planned laser system is shown in Fig. 1 . A commercial Dye-prism laser (optically pumped by the second harmonic of a Q-switched Nd:YAG laser) coupled to a third harmonic generator will provide the 205 nm photons for the first transition. The second pulsed laser system (currently under development) is composed by a cascade of an OPG (Optical Parametric Generator) for generating the laser pulses with the frequency and the bandwidth useful for the transition, and an OPA (Optical Parametric Amplifier) for providing the required amount of energy. The calculation of the Ps energy levels presented below shows that the whole frequency bandwidth of the OPG lays within the energy bandwidth of the Ps high-n levels interesting for excitation. In this two-photon excitation we must use a relatively high intensity pulse in order to have an efficient transition process. Since one needs to avoid competing ionization processes, the pulse must be short enough. The proposed laser system has a large flexibility both in spectral bandwidth and power, which permits the selection of the final Ps excited energy, starting from n = 15, and gives margin for possible unexpected problems in the excitation.
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This approach was considered to be more promising with respect to the possible alternative consisting in the 1 → 2 and 2 → high-n sequence of transitions, because the level n = 2 has a short lifetime of 3 ns (while the level n = 3 lifetime is 10.5 ns), and in addition the losses due to ionization processes (which is in competition with the Rydberg excitation) are higher than in the chosen transitions. Furthermore, the necessary total laser power (evaluated in Section 3), and the overall light energy losses, are on the whole lower in the chosen transitions with respect the 1 → 2, 2 → high-n ones, and this is to be taken into consideration being the excitation in a cryogenic ambient.
2 Discussion and features of the proposed laser system A Q-switched Nd:YAG laser of about 200 mJ and 4 ns drives both the Dye and the OPG-OPA(Amplifier) laser systems. Most of the energy of the Nd:YAG laser, about 180 mJ, is conveyed along the first branch (the upper part of Fig. 1 ) and is up-converted to the 532 nm second harmonic for pumping a 615 nm Dye laser. The bandwidth of this laser has to be sufficiently large to cover the Doppler bandwidth of the 1 → 3 transition (nearly 0.04 nm in the extremal case at 100 K). Prisms within the optical cavity will select the required bandwidth. The output radiation from the Dye laser is then up-converted with a succession of a second and third harmonic crystals. This system is able to deliver up to 200 µJ at 205 nm wavelength and the expected linewidth can be larger than 0.05 nm.
The OPG of the laser system sketched on the lower part of Fig. 1 performs the down-conversion of the 1064 nm pulsed radiation of the Nd:YAG, and in this spontaneous process generates a radiation beam with a bandwidth of about 3 nm in the frequency range 1600 ÷ 1700 nm. The 3 nm radiation bandwidth generated by OPG overlaps about one-third of the Ps bandwidth at Rydberg levels induced by the motional Stark effect (see Section 3) useful to anti-proton charge exchange. It will be easy to narrow the laser spectrum by a frequency band selector in case of interest. The OPG consists of a Periodically Poled Lithium Niobate (PPLN) [5] crystal with a period of 30.25 µm, commercially available. The crystal has a very high non linear coefficient (d ef f ≃ 17 pm/V ) and, operates in the Quasi Phase Matching (QPM) condition converting a 1064 nm photon in two new photons: a signal photon with λ ∈ [1600, 1700] nm and an idler photon with λ ∈ [2600, 3000] nm. In this kind of down-conversion process [6] the idler and signal frequencies can be finely tuned by controlling the crystal temperature around 200 Celsius. The parametric amplification of the OPG radiation pulse is achieved with an OPA system based on a BBO crystal of 10 mm length and 5 × 5 mm 2 transverse area. This device transforms Nd:YAG pump photons into signal photons by a stimulated down-conversion process, and the pulse can be amplified up to a final energy of 1 mJ.
The pulse energies and spectral bandwidth of the proposed laser systems are tailored to satisfy the requirements on saturation fluency, that is the conventional parameter characterizing incoherent excitations, aiming to maximization of the efficiency. This is described in detail in the following Section.
3 Modeling Ps excitation from n = 1 to high-n levels
We consider a simple theoretical model of Ps excitation to calculate laser saturation fluency and useful bandwidth. The excitation of Ps in high-n state is described as a cascade or a two-step transition: a first-step by a resonant excitation from n = 1 to n = 3, and a second-step by a near resonant excitation from n = 3 to high-n. The spectral profile of the two laser intensities is characterized by a Gaussian function whose width ∆λ L will be matched to a selected Rydberg level-bandwidth around a definite n state. The broad laser linewidths come along with a coherence time ∆t coh = λ 2 /c ∆λ L , where λ is the central wavelength of the proper transition. This parameter turns out to be orders of magnitude shorter than the 5-ns duration of the laser pulses, hence we are operating with a complete incoherent excitation for both transitions.
The fine structure of the transition to high-n energy levels of positronium is dominated by:
• the Doppler effect;
• the Zeeman and motional Stark effects, because their contribution is larger than hyperfine and spin-orbit splitting in the experimental conditions. However, the importance of these effects over the level structure is completely different for n = 3 and for Rydberg states. While the first transition is marginally interested by Stark effect, the second transition involves high n levels which are turned into energy bands, strongly affecting the physics of the excitation. Therefore we will treat separately the two transitions.
Because these effects depend on temperature, in the following calculations we select for definiteness the reference temperature of 100 K, which correspond to the largest Ps cloud and to greater laser powers, to guarantee a successful Ps excitation also in the worst case.
3.1 Excitation from n = 1 to n = 3 eV. Zeeman and motional Stark effects [7, 8] are induced by the relatively strong magnetic field (B ∼ 1 T). In particular Zeeman effect mixes up ortho and para Ps states with m S = 0 (without affecting orbital quantum numbers) and, in turn, this leads to the well known enhancement of the average annihilation rate of the Ps thermal ground state n = 0 [9] . The energy difference between these spin states is near 2.3 × 10 −4 eV for B = 1 T, much lower than the actual Doppler broadening.
The motional Stark electric field E = v × B splits in energy the sub-levels of the state n = 3 and leads to some mixing of quantum numbers m and ℓ, due to the breaking of axial symmetry of Ps atoms moving within the magnetic field. The maximum level broadening due to this effect is evaluated as ∆E S ≃ 5.3 × 10 −5 eV [10] , negligible with respect to the Doppler broadening. Therefore we conclude that the width of the transition 1 → 3 is dominated by the Doppler broadening, and the laser linewidth must be tailored accordingly.
Since Ps excitation is incoherent, the saturation fluency is calculated by a rate equation model (see the Appendix). The excitation probability for unit time is
where I(ω, t) is the spectral intensity of the laser pulse and the absorption cross section σ 13 is
where g D (ω − ω 13 ) is the normalized lineshape representing the Doppler broadened line. a Gaussian function centered on the transition frequency ω 13 and with a FWHM equal to ∆λ D . The factor B(ω) is the absorption Einstein coefficient appropriate to the dipole-allowed transition. In first approximation [7] this coefficient coincides with that of the unperturbed transition (1, 0, 0) → (3, 1, m), where m can be selected by the laser polarization, and is calculated using standard methods from the general theory of radiative transition in atomic physics [11] . By matching the resonant laser linewidth to the Doppler broadening (aiming to maximize the covering of the Ps cloud in the spectral domain) and using the results of the rate equation theory developed in Appendix (see Eq. (21)), we can determine the saturation fluency for the first transition as
For an expanding Ps cloud of transverse area around 6 mm 2 (after 30 ns of free expansion time from the target), the saturation of the excitation is than reached when the laser pulse energy is greater than 20.4 µJ, a fraction of the energy delivered by the proposed system.
Excitation from n = 3 to Rydberg levels
The physics of the second transition n = 3 → high-n is significantly different. The Doppler broadening is practically independent on n and turns out to be around 0.35 nm for 100 K (corresponding to an energy broadening of 1.6 × 10 −4 eV), whereas the Stark motional effect turns out to be many times higher, as shown in Fig. 2 . The effect due to the motional Stark electric field becomes the dominant characteristic of the transition. Because of it, the degenerate high-n levels transform themselves into fans of their n 2 sub-levels with a complete mixing of their m and ℓ substates, while the mixing between n-levels in Positronium atoms does not occur at a good extent [12] . Owing to the m and ℓ sub-level mixing, these unperturbed quantum numbers are no longer good quantum numbers labelling the states, at variance with the principal quantum number n which retains its role [7, 8] . The energy width ∆E S of a fan can be evaluated from the usual theory of the Stark effect, and increases both with the magnetic field and n as
where v ⊥ = k B T /m is the positronium atom thermal transverse velocity. The broadening ∆λ S ≃ ∆E S λ 2 /2πch of the transition is shown in Fig. 2 . It is worth noting that the splitting between adjacent unperturbed energy levels decreases with n as ∆E n ≃ 13.6 eV · 1 n 3
as shown in the figure. Therefore for n > 16 the bandwidth filled by the sublevels relative to an n state becomes overwhelmingly greater than the interval between two adjacent n-levels. Thus, at n larger than 16 an interleaving of many sublevels is expected. The useful range of n levels for the charge transfer reaction starts from n ∼ 20, i.e. in the region of notable level mixing. Another effect of the motional Stark electric field to be considered is the possible atom ionization: the transition from the bound state to ionized state occurs from the bottom sub-level of an n-fan to the unbound state. This action determines the upper n-level useful for excitation. The minimum Stark electric field E min which induces a high ionization probability at the lowest energy E = E n − 3ea 0 n (n − 1) | E min | of the level fan is calculated as [12] | E min | = e 16 π ε 0 a 2 0 1 9 n 4 .
Hence the ionization starts affecting part of the level fan for n > 27, at the reference temperature of 100 K. This ionization limit, and the available range for n, are indicated in Fig. 2 .
In the hypothesis of a laser bandwidth ∆λ L greater than ∆λ D (but of course smaller than ∆λ S ) aiming to maximize the the optical excitation efficiency, we have to refer to the laser bandwidth instead of to the Doppler one in the calculation. Because of the above arguments, all the mixed sublevels with transition energy under the laser bandwidth can be populated, at variance with those foreseen by the electric dipole selection rule.
Let us do some considerations about the distribution of the sublevels for the calculation of the 3 → high-n transition probability. A uniform distribution of the n 2 fan sublevels within the motional Stark energy width E S may be assumed. Their average energy interval δE is δE ∼ ∆E S /n 2 = 6ea 0 | E(v ⊥ )|. The number of unperturbed n-levels interleaved with that reference n-level within its fan width is approximately (see also Fig. 2) is
Therefore the sublevel density per unit frequency results in
independent on the induced Stark field and consequently on the positron velocity. We stress that this density occurs with a motional Stark effect high enough (that is a transverse positronium velocity in a high magnetic field) for producing an interleaving of many n-level fans, and it increases very fast with n. We assume a laser energy bandwidth ∆E L minor than ∆E S so that the sublevel density of the above equation holds. Within the uninteresting region of small n it is easy to see that the density of sublevels is a constant on n.
In Fig. 3 a picture of the level mixing is shown. The number of levels per unit bandwidth remains, in a crude approximation, unchanged with the increase of the fan aperture because the sublevels lost at the border of the initially chosen laser bandwidth ∆E L are recovered by the entrance from the outside of the sublevels coming form the nearby n-states.
The incoherent excitation probability per unit time of the transition 3 → high-n is
The absorption cross section σ 3n (ω), in this connection, can be recast as
where absorption coefficient B S (ω) appropriate for the excitation of a single sublevel in the quasicontinuum Rydberg level band. By definition this coefficient is proportional to the square modulus of the electric dipole matrix element:
where ψ nα is the wavefunction of a Rydberg sublevel (with ℓ and m mixed) connected by the transition energyhω with the low level ψ 31m ′ which is assumed excited by the first laser. The following considerations allows us to estimate magnitude of B S (ω). The wavefunction ψ nα relative to the sublevel nα is given by a linear superposition of the n 2 unperturbed wavefunctions with suitable coefficients From the normalization condition and assuming a large spreading of ψ nα over the ψ nlm , we get |c lm | ≃ 1/n. Using the electric dipole selection rules, which select the final state nlm, we obtain a simple formula connecting B S (ω) with the Einstein coefficient for the unperturbed 3 → high-n transition
It is worth noting that, because the Rydberg state wavefunctions scale as n −3/2 [12] , the Einstein coefficient scales as n −3 and
This result, together with the level density formula of Eq. (8), brings about the important conclusion that the absorption probability W 3n is practically independent on n and on the transverse Ps velocity. This "conservation rule" confirms that for high-n the Doppler effect gives negligible contribution to the excitation dynamics. Using Eqs. (8) and (13) and following the procedure outlined in the Appendix, the absorption probability rate turns out to be
The saturation fluency for the second transition, which in fact results approximatively a constant in the useful range n = 20 ÷ 30, is:
For the expanding Ps cloud of transverse area around 6 mm 2 , the laser pulse energy needed for saturation of the Rydberg excitation is thus larger than 120 µJ.
The final two-step excitation and its numerical simulation
In the above sections we have found the minimum requirements on the energies of the two lasers for obtaining saturation on the two transitions. However, the real Rydberg excitation is performed with near simultaneous laser pulses. This because of the narrow useful time window, to cope with not too large expanding Ps cloud, and the need of avoiding loss of excited population in n = 3 due to its non negligible spontaneous emission. In this conditions the excitation dynamics involves all the three levels of the two-step transition. If the laser pulse energies are greater than the saturation fluencies, an overall level population of 33% is expected [13] . This can be confirmed with a dynamical model as follows.
In the previously discussed picture of the problem there is a lack of information on the exact quantum numbers for final states of the transition. Therefore we have decided to exploit a simplified model in order to study the excitation dynamics with the goal of obtaining an estimate of the high-n state population. We have made dynamical simulations considering transitions from (n, l) = (1, 0) to the state (3, 1) and from this state to the final states (n ′ , 2) and (n ′ , 0). In simulations we have assumed the total cross section of the transition from the lower level to the upper band of levels substantially equal to the cross section of the transition between the two levels connected by electric dipole selection rules. This choice is quite usual in problems of this kind [13] , and can be inferred from the discussion in previous subsection. We also select for definiteness the polarization of the laser beams parallel to the direction of the field, which implies ∆m = 0. The resonant Ps excitation is described with a model of multilevel Bloch system of equations (derived from a density matrix formulation), including spontaneous decay from the excited levels and photoionization. Since the laser pulses are substantially incoherent, the phase of the light in our model is taken as a "random walk" with the step equal to the coherence time. Fig. 4 shows the 
Conclusions
Ps excitation to high-n levels in a strong magnetic field shows to have still some open questions about the fundamental point of the structure of final states. This implies that experimental results about Ps excitation at high-n levels programmed in AEGIS experiment will enlighten the transition comprehension. We have proposed a new laser system tailored to the task, which works on a two-step transition 1 → 3 → n and has enough flexibility in terms of bandwidth and power to guarantee a 30 % transition efficiency.
Simple considerations based on the general theory of radiative transition in atomic physics are used to derive rules giving the minimum laser pulse fluency necessary for saturation of the transitions. While in the first step 1 → 3 a relatively simple modelling is sufficient, for the second step 3 → n more attention must be devoted to the strong motional Stark mixing which affects the Rydberg level structure. For the first transition the laser system is commercially available, while for the second transition an OPG-Amplifier system is proposed as a suitable laser system.
The excitation is performed with a laser pulse having a Gaussian spectrum resonant with the transition frequency ω 13 whose total pulse intensity is I L (t) = dω I(ω, t). By selecting the laser broadening equal to Doppler broadening and using the fact that the coefficient B(ω) of Eq. 2 is practically a constant over a wide frequency range, the rate equation (18) can easily be solved obtaining
where
is the laser pulse fluency, and
is the saturation fluency. This parameter characterizes the population dynamics: from Eq. (19) it is clear that when F (t) = F sat we have the 43% of the atoms in the excited state. The maximum excitation, i.e. the saturation level of the transition, reaches 50% with pulse energy high enough.
